Roberto’s Notes on Linear Algebra
Chapter 7: Subspaces

Section 1

Dependence and independence
What you need to know already:
 Basic facts and operations involving

Euclidean vectors.
 Matrices, determinants and their connections

What you can learn here:
 The definition and basic facts about the key

linear algebra properties of dependence and
independence.

to vector properties.
By now, we have seen the concept of linear combinations several times. It puts
together the two basic vector operations of addition and scalar multiplication and it is
behind many of the methods we have constructed, such as Gauss-Jordan elimination.

A question that turns out to be very interesting and fruitful is whether the zero
vector can be obtained as a linear combination of the same vectors in other ways.

In this section we are going to use it to define another concept that we shall
later be able to generalize to other kinds of vectors.
We begin with a rather obvious observation, but one that sets the stage for our
main definition.

Knot on your finger
Given any finite set S = v1, v 2 ,

, vk  of

Euclidean vectors, the zero vector can always be
obtained as a linear combination of them by picking
all coefficients to be 0:

0v1 + 0v2 +

A finite set S = v1, v 2 ,

, vk  of Euclidean

vectors is said to be linearly dependent if there are
scalars c1, c2 , , ck , such that:

 c1 + c2 +
 c1v1 + c2 v2 +

+ ck  0 (that is, not all are 0)
+ ck vk = 0

This is called a non-trivial linear combination.

+ 0v k = 0

This is called the trivial linear combination.
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This may not seem like much, but, believe me, it is a key idea that we shall
exploit quite a bit. Here is a simple example to make this less abstract.
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Example: S = 1 2 3,  −2 0 4, 10 8 0
Notice that:

Technical fact

41 2 3 − 3−2 0 4 − 10 8 0 = 0

A finite set S = v1, v 2 ,

That is, here is a linear combination of these vectors that provides the zero
vector, but uses non-zero coefficients.

, vk  of Euclidean

vectors is linearly dependent if and only if the
homogeneous system

v1x1 + v2 x2 +

+ vk xk = 0

has non-trivial solutions.

Technical fact
Of course! Solutions of this system are exactly what we are looking for, so you
are just saying the same thing in a different way.

If a finite set of Euclidean vectors is linearly
dependent, then there are infinitely many sets of
coefficients that prove such relation.

Yes, and here is yet another way to say pretty much the same thing, but from a
different perspective.

Proof

Definition
Well, if c1 , c2 ,

, ck do the trick, obviously so do bc1 , bc2 ,

, bck for

any non-zero scalar b. And since there are infinitely many different such
sets of scalars, there are infinitely many ways of proving the relation!

If the set S = v1, v 2 ,

, vk  of Euclidean vectors

is not linearly dependent, it is said to be linearly
independent.

That reminds me of solutions of linear systems: if there is more than one (the
trivial and one non-trivial), there are infinitely many of them.
Good observation, and there is a very close connection between the two
concepts.









Example: 1 0 0 , 2 1 0 , 3 2 1

This set of vectors is independent. To see this, we consider the homogeneous
system 1 0 0 x1 +  2 1 0 x2 + + 3 2 1 xk = 0 . Its coefficient matrix is:

Linear Algebra

Chapter 7: Subspaces

Section 1: Dependence and independence

Page 2

OK, I will keep all this in mind. But the last two examples seemed cooked up so
as to easily show their being dependent or not.

1 2 3 
0 1 2 


0 0 1 
This matrix is clearly invertible and hence the system only has one solution:
the trivial one. Therefore, the set is independent.

Do we need to use the word “linearly” all the time?
No, in fact, from now on I will omit it, except when it is important to
emphasize it. Therefore, whenever we shall talk about a set of vectors being
dependent or independent, we shall mean linearly so.

They were! In the first case I constructed the third vector so that an easy linear
combination would do the trick, while in the second, the 0 components were placed
strategically so as to get the conclusion.

So, how do we check dependence in a set of vectors that was not built in a
contrived way?
I am glad you asked, but look back at the definition: it hinges on whether a
certain homogeneous system has non-trivial solutions or not. So, the following
general method should not be surprising.

And since we are at it, I will also omit the reference to Euclidean vectors.
Although there are other types of vectors, and we shall study them later, for now we
are only dealing with them, so let’s agree that all the vectors we shall use here are
Euclidean.

Strategy for checking
the dependence of a set of
Euclidean vectors

And to complete the jargon cleanup, let us agree to the following…

To determine if the vectors S = v1, v 2 ,
dependent, it is sufficient to either:

Knot on your finger

 check if the homogeneous system
v1x1 + v2 x2 + + vk xk = 0

The definition of being dependent or independent can
be applied to either a set S of vectors, or the vectors
that comprise it.

has non-trivial solutions, or

 check if the rank of the matrix
A =  v1 v2
vk 

Therefore, we can say, equally correctly, either that a
set S = v1, v 2 , , v k  of vectors is dependent or
independent, or that the vectors v1, v2 ,
themselves are.

, vk  are

, vk

is less than k.

Proof
Both conditions are necessary and sufficient for the existence of infinitely
many non-trivial linear combinations that produce the zero vector.
Linear Algebra
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Example: S = 1 2 3 − 1 ,  −2 0 4 3 , 3 14 29 −1
To check if this set of vectors is independent, we compute an REF of the
matrix:

 1 −2 3 
 2 0 14 

A=
 3 4 29


 −1 3 −1

For instance, here is one such matrix:

( )

REF A

For instance, here is one such matrix:

3
0
REF ( A ) = 
0

0

 1 2 3 −1
AT =  −2 0 4 3 
 3 14 29 −1

T

 3 14 29 −1
=  0 2 5 1 
 0 0 0 0 

Again, rank less than the number of vectors and they are dependent.

4 29
1 2 
0 0

0 0

We can see that the homogeneous system for which this is the matrix of
coefficients has a free variable, hence infinitely many solutions, so that the set
in dependent.
Alternatively, we notice that this matrix has rank 2, lower than the three
vectors we were given, again conforming the dependence.

As a hint for your proof that this can be done, here is an important property of
dependence that will be useful in our later dealings with the concept.

Technical fact
A set of vectors S = v1, v 2 ,

, vk  is dependent

if and only if one of them is a linear combination of
the others.

But my calculator will not allow me to compute an REF for a matrix with more
rows than columns.
If you are so short of time that you need to use a calculator, you can always
include a column of zeros and ignore it. We shall see in the Learning questions that
there is another way out: use the transpose of the matrix we need, that is, write the
vectors as rows. It turns out that the condition on the rank being less than k can be
applied to it as well.

Example: S = 1 2 3 − 1 ,  −2 0 4 3 , 3 14 29 −1

The proof of this fact is also very straightforward to be found in the Learning
questions.
Speaking of which, time for them, before we move on to seeing how all this is
developed further.

Wait! I just thought of a way to construct a dependent set of vectors! Just
make sure it includes the zero vector!
Brilliant! We might as well highlight this smart observation.

To check if this set of vectors is independent, we compute an REF of the
transpose of the previous matrix:
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Chapter 7: Subspaces

Section 1: Dependence and independence

Page 4

Proof

Technical fact

That’s because we can pick 1 as the constant multiplier of the zero vector, 0
to be the multiplier of each of the other vectors and thus get the non-trivial
solution that satisfies the definition of dependence:

Any set of vectors that includes the zero vector is
dependent.

S = v1, v2 , , vk , 0 
0  v1 + 0  v2 + + 0  vk + 1 0 = 0

Summary
 A set of Euclidean vectors is dependent if one of them is a linear combination of the others.
 A set of Euclidean vectors is independent if the only way to obtain the zero vector as a linear combination of them is by using the trivial one.

Common errors to avoid
 Do not fixate your attention on the computational steps involved in determining whether a set of vectors is dependent or independent. Focus instead on understanding what this
relationship means and why the methods we have seen work.

Learning questions for Section LA 7-1
Review questions:
1. Describe the definitions of linear dependence and linear independence.

3. Explain the connection between homogeneous linear systems and linear
dependence.

2. Present an alternative and effective way to check if a set of vectors is linearly
dependent or not.
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Memory questions:
1. When is a set of vectors linearly independent?

3. Which vector makes any set that contains it linearly dependent?

2. When is a set of vectors linearly dependent?

Computation questions:
For each of the sets of vectors presented in questions 1-6, determine if the set is dependent or independent.

 1 

1.   −17  ,
 3 


 1 

2.   −1 ,
 3 
 
3.

1
 −2 ,
 
 5 
1
 −2 ,
 
 7 

2
 3 ,
 
32

 21 
 36  
 
 −8 

 2 
 3 
 
 4 

1 2 3 , −2 0 3, 8 4

− 3

  −1
 
 1
5.    ,
 2 
  1 

 3
 2
 ,
 2
 
 4

 2 
 3 
  
 1 
 
 −1 

  −1
 
 1
6.    ,
 2 
  1 

 3
 2
 ,
 2
 
 4

1  
 4 
  
6 
 
6 

  3  0   6  


4.  1  ,  −2 ,  4  
 0  1   −1 
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Show that each of the sets of vectors presented in questions 7-8 is dependent and express each of the vectors as a linear combination of the others.

 1   0   3  
7.    ,   ,   
  0  1   2  

  −2  4   4   2  


8.   3  ,  −1 ,  −6  ,  2  
  7   5   −14 12 
  
    

9. Given the vectors u = 2 − 2 2 and v = 3 1 − 1:
a) explain why they are linearly independent
b) provide a vector that is a linear combination of u and v, but is not parallel to either
c) construct the general equation of the plane through the origin that contains the span of u and v.

Theory questions:
1. Explain why the vectors u = 3 −1 1 −1 and v =  −1 3 1 −1
are linearly independent.

5. If S = v1, v2 ,

, vk  is a dependent set of non-zero vectors, how do we

find the scalars that make one of them a linear combination of the others?

2. If u and v are linearly independent Euclidean vectors, is u•v equal to 0,

6. If 6 vectors are linearly dependent, what can we say about the rank of the matrix
that has such vectors as columns?

different to 0, or can it be either?

3. If u and v are linearly independent vectors, are u + v and u − v also linearly

7. If a set of vectors is linearly dependent, how many different linear combinations
of them will generate the 0 vector?

independent?

4. If u, v, w form a dependent set, what will the rank of the matrix

A = u v w be?
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Proof questions:
1. Prove that a set of vectors S = v1, v2 ,

, vk  is dependent if and only if

one of them is a linear combination of the others.

2. Prove that a set S = v1 , v 2 , , v k  is dependent if and only if the matrix that
has them as rows has rank less than k.

3. Prove that if two non-zero vectors in

n

are orthogonal, they are also

independent.

4. Prove that a set S = v1, v2 ,

, vn  of n vectors in

only if the determinant of the matrix

A =  v1 v2

n

is dependent if and

vn  , where the vectors

are written as columns, is 0.

Templated questions:
1. Pick a small set of Euclidean vectors and check if they are dependent or independent.
2. Pick a small set of dependent Euclidean vectors and express each of them as a linear combination of the others.

What questions do you have for your instructor?
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